Introduction
Let E be an elliptic curve over Q . Put g E/Q = rank of E/Q, and
where v runs over all places of Q, with Q v the completion of Q at v. Although no algorithm has ever been proven to work infallibly, the group E(Q) is, in fact, easy to determine in practice. By contrast, X(E/Q) is extremely difficult to study either theoretically or numerically. The aim of the present paper is to strengthen the theoretical and numerical results of [1] , assuming E has complex multiplication.
For each prime p, let t E/Q,p denote the Z p -corank of the p-primary subgroup of X(E/Q).
1.1 Theorem 1.1. Assume that E/Q admits complex multiplication. For each ǫ > 0, there exists an explicitly computable number c(E, ǫ) such that teq teq (1)
for all p ≥ c(E, ǫ) where E has good ordinary reduction.
Of course, this result is a far cry from the standard conjecture that t E/Q,p = 0 for every prime p. Our method of proof is similar to that given in [1] , but we obtain the stronger result by employing an interesting observation of Katz [2] about the divisibility of the relevant L-values by primes where E has good supersingular reduction. However, we stress that Katz's work is used to obtain information about the Iwasawa theory at good ordinary primes p, and we have no idea at present how to prove a result like (1) for all sufficiently large primes p where E has good supersingular reduction. Secondly, we extend the numerical computations of t E/Q,p given in [1] for certain E with g E/Q ≥ 2. Let eqe1 eqe1 (2) E : y 2 = x 3 − 82x.
Then g E/Q = 3 and E(Q) modulo torsion is generated by the points (−9, 3), (−8, 12), (−1, 9).
The conjecture of Birch and Swinnerton-Dyer predicts that X(E/Q) = 0 for this curve, but of course this is unproven, and we do not know whether X(E/Q) is even finite.
1.2 Theorem 1.2. For the elliptic curve (2), we have X(E/Q)(p) = 0 for all primes p ≡ 1 mod 4 with p = 41 and p < 30, 000.
In fact, a different and more subtle technique than that used in [1] is required to carry out these computations, because this earlier method relies on calculating traces from the field of 328-division points on the curve (2) . This field has the enormous degree 12,800 over Q(i) (the integer 328 occurs here because the conductor of the Grössencharacter of the curve is 328Z[i]), and we have been unable to find the minimal equation over Q(i) of the x-coordinate of a 328-division point. By some curious arguments in Galois theory (see Lemma 4.4 and (74)), we show that it suffices to work with a subfield of degree 6,400 over Q(i), and, with the help of MAGMA, we have succeeded in explicitly computing the minimal polynomial of a natural generator for this subfield over Q(i) (the x-coordinate of a 328/(1 + i)-division point).
Moreover, using the same technique of calculation, we have also carried out computations on the five curves of rank 2 given by
extending the numerical results given in [1] for the curves E 1 and E 2 .
ei Theorem 1.3. For each of the curves
is finite for all primes p of good reduction with p ≡ 1 mod 4 and p < 30, 000. Moreover, X(E i /Q)(p) = 0 for all such p, except possibly in the four exceptional cases given by p = 29 and 277 for the curve E 1 , p = 577 for the curve E 4 , and p = 17 for the curve E 5 .
In fact the conjecture of Birch and Swinnerton-Dyer predicts that X(E i /Q) = 0 for i = 1, · · · , 5. We ourselves have not successfully carried out the calculations of p-adic heights to verify that X(E i /Q)(p) = 0 in the four exceptional cases of Theorem 1.3 (our claim to have done this for the primes p = 29 and 277 for E 1 in [1] is not correct). However, we are very grateful to C. Wuthrich for computing the p-adic heights for the three exceptional primes p=17, 29, and 277, thereby confirming that X(E i /Q)(p) = 0 for the relevant curves for these primes (the remaining exxceptional prime of 577 for the curve E 4 remains unsettled).
Finally, we would like to thank Allan Steel and Mark Watkins for their help in factoring polynomials.
Divisibility of L-values by supersingular primes
As Katz has pointed out in [2] , the special values of complex L-functions attached to elliptic curves with complex multiplication tend to be highly divisible by supersingular primes. In this section, we use his method to establish the precise version of his results needed to prove Theorem 1.1.
The following notation will be used throughout the rest of this paper . Let K be an imaginary quadratic field embedded in the field C of complex numbers, and O K its ring of integers. Let E be an elliptic curve defined over K such that
The existence of such a curve implies that K necessarily has class number 1. We fix a global minimal Weierstrass equation for E eqe eqe (3)
whose coefficients belong to O K . Let ψ E denote the Grössencharacter of E over K, and write f for the conductor of ψ E . For each integer n ≥ 1, define
This L-function is not, in general, primitive, and we write L(ψ n E , s) for the primitive Hecke L-function ofψ n E . Let L be the period lattice of the Néron differential of the equation (3), and let
be the isomorphism given by
As we shall see in the proof of the next theorem, the numbers
all belong to K. Our goal is to use Katz's method to establish the following specific result. If b is a real number, [b] will denote as usual the largest integer ≤ b.
kat Theorem 2.1. Let q be an odd prime number which is inert in K. Assume that E has good reduction at v = qO K . Then, for all integers n ≥ 3, which are not congruent to 1 + q modulo (q 2 − 1), we have
The proof of this theorem will take up the rest of this section. The initial arguments, although subsequently used for supersingular primes, are motivated by the well known construction of the p-adic L-functions of E in the ordinary case (see [3] , [4] ). If α is any non-zero element of O K , let E α denote the kernel of multiplication by α on E(K). Fix for the rest of the paper an element
will play an important role in both our theoretical and numerical arguments. It is an abelian extension of K, which is ramified precisely at the bad primes of E over K, and it coincides with the ray class field of K modulo f (see, for example, [4] , Chap. 2). Moreover, if w is any good prime of E/K, we have
Let λ be any element of O K , which is not a unit, and which is relatively prime to 6f q. Let J λ denote the set of all non-zero elements in E f . Define
where U runs over any set of representatives of J λ modulo the action of the group µ 2 of square roots of unity, and c E (λ) is the unique non-zero element of K, whose existence is established in [6] (see Proposition 1 of the Appendix). Thus R λ (P ) is a rational function on E with coefficients in K. Let V = Φ(Ω ∞ /f, L), and define
where ⊕ denotes the group law on E. Thus R λ (P ) is also a rational function on E, with coefficients in K. In view of (8) and Theorem 3 of the Appendix of [6] , we have
for each prime w of K, where E has good reduction for E/K. Hence, defining
it follows from (12) with w = v that psilp psilp (14)
The following result shows that the function Ψ λ (P ) is related to L-values. For each integer n ≥ 1, put
Proof. This is a very classical calculation (see for example [3] ), and we only sketch the main points in the proof.
, we conclude from (13) that it suffices to prove that, for all integers n ≥ 1,
where σ(z, L) is the Weierstrass σ-function of L and, as usual,
Then we have (see, for example, [5, Theorem 1.9])
where B is any set of integral ideals of K whose Artin symbols for F/K give precisely the elements of the Galois group G, and
For each integer n ≥ 1, let E * n (z, L) be the value at s = n of the analytic continuation of the Kronecker series
As usual, let A(L) = (uv − vū)/2πi, where u, v is any Z-basis of L with v/u having positive imaginary part. Then we have (see [5, Corollary 1.7 
On the other hand, it is easily seen that, for all integers n ≥ 1, we have
This completes the proof of (17), and so also of Proposition 2.2
We now turn to the v-adic properties of our function Ψ λ (P ). LetÊ v be the formal group of E at v, which is defined over O v , and has parameter t = −x/y. It can be shown that the action of
] giving the corresponding endomorphism ofÊ v . As before, put π = ψ E (v). Since the reduction modulo v of the endomorphism π of E gives the Frobenius endomorphism of the reduced curve, we plainly have
As [a](t) = at + · · · for all a ∈ O v , it follows from (22) thatÊ v is in fact a Lubin-Tate group over O v for the local parameter π.
clt Corollary 2.4. Defining
Proof. Let B λ (t) be the t-expansion of R λ (P ). A standard argument (see the proof of Lemma 8 in [6] ), based on the explicit expression (10), shows that
], whence we conclude from (13)
On the other hand, as b
It follows immediately from (24) and (25) 
Then, for all integers n ≥ 1, we have
We now briefly describe Katz's proof. It is convenient to replaceÊ q by an isomorphic Lubin-Tate group. Let E be the Lubin-Tate group over O v attached to the local parameter π, and satisfying
where [π](w) now denotes the endomorphism of E defined by π. By Lubin-Tate theory, there exists an O v -isomorphism which is given by a formal power series
where [+] also denotes the formal group law on E, and E q is the group of q-division points on E. The isomorphism (4) enables us to write z = ε(t), where ε(t) is a power series in
. It is then easy to see that
is the logarithm map of E, and that it suffices to show that, for all integers n ≥ 1,
Note that the operator
] by a well known property of formal groups.
where u is an independent variable.
2.6 Lemma 2.6. For n = 0, 1, · · · , Nv − 1, we have
, we obtain
and hence
Putting u = 0 in this equation, and noting that ν ′ (0) = 1, it follows that D 1 r(w) = r ′ (w)/ν ′ (w). Thus the above equation can be rewritten as
Recalling (37), this then gives the identity
Also, as ν([π](w)) = πν(w), one easily deduces from (29) that
Combining (39) and (40), we immediately obtain D n r = D 1 (D n−1 r)/n for n = 1, · · · , Nv− 1, and the assertion of the lemma follows by induction on n.
Since ord q ((Nv − 1)!) = q − 1, it follows immediately from Lemma 2.6 that, for each We note that if r(w) satisfies (41), so also does d dz n r(w) for all non-negative integers n, 
Proof. Combining (35) and (41) gives
By (29), we see that the non-zero elements of E q are given by the αζ, where ζ runs over the (Nv − 1)-th roots of unity, and α N v−1 = −π. Thus the n-th term in (43) is zero unless Nv − 1 divides n, and, when Nv − 1 does divide n, we have
Hence (43) can be written as
But this last equation clearly implies that
and the assertion of the lemma now follows from Lemma 2.6 and the remarks made immediately before (41). 
Proof
The assertion of the lemma is now plain from (36) and (42).
We can now complete the proof of Theorem 2.1. Proposition 2.5 follows immediately from applying Lemma 2.8 to the function h(w). In turn, applying Proposition 2.5 to the power series C * λ (t) given by (26), and recalling that (f, v) = 1, we conclude from Proposition 2.2 that, for all integers n ≥ 1,
Assuming that n ≥ 3, it is clear that 1 − (ψ E (v) n /Nv) is a v-adic unit. Now choose λ to be any element of O K such that (λ, 6) = 1, λ ≡ 1 mod f, and λ mod v is a generator of (O K /vO K ) × . As λ ≡ 1 mod f, ψ E ((λ)) = λ, and thus
Since λ mod v is a generator of (O K /vO K ) × , it follows that (46) is prime to q provided n is not congruent to 1 + q mod Nv − 1. This completes the proof of Theorem 2.1.
Application to the Tate-Shafarevich group
In this section, we combine Theorem 2.1 with Iwasawa theory to prove Theorem 1.1. Throughout the section, c 1 , c 2 , · · · will denote positive integers which depend only on the coefficients of the equation (3), and which could be made explicit if desired. Also, J will denote the set of all prime numbers q such that q is inert in K, and E has good reduction at qO K .
For the moment, let p be any odd prime number. Put Let χ be the Dirichlet character corresponding to the extension K/Q, and let t be its conductor. Define
where the sum is taken over all primes q ≤ p with χ(q) = −1. Plainly
Combining (49), (50), and (52), we obtain
Now a well known equivalent form of Dirichlet's theorem on primes in arithmetic progressions asserts that, for any real x ≥ 2, and each integer q with (a, t) = 1, we have 52 52 (54)
where the sum on the left is over all prime numbers q ≤ x with q ≡ a mod t, and e(t) denotes the order of the group of units of Z/tZ. Now precisely half of the classes a mod t with (a, t) = 1 satisfy χ(a) = −1. Taking x = p, we conclude from (54) that
The assertion of the lemma now follows immediately on combining (53) and (55).
The proof of Theorem 1.1 now proceeds exactly as in the proof of Theorem 2.8 of [1] , except we exploit Katz's divisibility assertion (6). Thus we now take p to be any odd prime with pO K = pp * and p = p * , such that E has good reduction at both p and p * . Then there exists a positive rational integer c 7 , depending only on the equation (3), such that c
is an algebraic integer in K (see the proof of Lemma 2.8 of [1] ). This algebraic integer is non-zero because the Euler product for L f (ψ p E , s) converges at s = p. Moreover, by Theorem 2.1, it is divisible by the rational integer P(p). Thus 
Thus, using the product formula for K, we conclude that
here the last inequality holds for any ǫ > 0, provided p is sufficiently large. On the other hand, applying the main conjectures of Iwasawa theory (which are in fact proven theorems) for E over the unique Z p -extensions of K which are unramified outside p and p * , respectively, it follows that (see the proof of Theorem 2.1 in [1] )
where n E/K is the O K -rank of E(K), and t p is the Z p -corank of X(E/K)(p) (which can be shown to be equal to the Z p -corank of X(E/K)(p * )). Thus, combining (58) and (59), we have proven the following stronger form of Theorem 2.8 of [1] :-58 Theorem 3.2. Let ǫ be any positive number. Then, for all sufficiently large odd primes p such that pO K = pp * , t p is bounded above by (1/2 + ǫ)p − n E/K .
Finally, we note that Theorem 1.1 is an immediate corollary of this result, because, when E is defined over Q we have n E/K = g E/Q and t p = t E/Q,p . This completes the proof of Theorem 1.1.
Computations for y
We explain in this section the improvements in the computational technique of [1] , which enables us to prove Theorem 1.2 and Theorem1.3. As in [1] , we consider the family of curves E :
where D is a fourth power free non-zero rational integer. For these curves, K = Q(i) and the isomorphism from Z[i] to End K (E) is given by mapping i to the endomorphism which sends (x, y) to (−x, iy).
As earlier, let f be the conductor of the Grössencharacter ψ E , and fix some f in O K such that f = f O K . The explicit value of f is well-known, and is given by Lemma 3.2 of [1] . In particular, f is always divisible by (1 + i)O K , and we define 60 60 (60)
Recall that G denotes the Galois group of K(E f ) over K. If g is an integral ideal of K, we denote the order of the multiplicative group of units of O K /g by φ(g). Also the symbol ⊖ will denote subtraction in the group law of E.
Lemma 4.1. Assume that D is divisible by an odd prime. Let H f 1 be the ray class field of
, where u is the x-coordinate of any primitive
where σ denotes the non-trivial element of the Galois group of
Proof. Since D is odd, f 1 is divisible by a prime of K distinct from (1 + i)O K , and thus if ζ is a root of unity in K with ζ ≡ 1 mod f 1 , then we must have ζ = 1. It follows that [H f 1 : K] = φ(f 1 )/4. On the other hand, since f is the conductor of ψ E , K(E f ) coincides with the ray class field of K modulo f (see [6, Lemma 7] ), and so [
Let(u, v) be any primitive f 1 -division point on E. By the classical theory of complex multiplication,
, we must have σ u = ±u. But σ u = −u is impossible, since it would imply that σ v = ±iv, which would in turn imply that σ 2 is not the identity element of G. Hence σ u = u. The following argument shows that we cannot have σv = v. Assume indeed that σv = v, so that
Take α to be any element of O K so that α ≡ 1 mod f 1 , and put a = αO K . Note that a is prime to f because f and f 1 have the same prime factors. Since the abelian extension H f 1 /K has conductor f 1 , the Artin symbol τ a of a for the extension H f 1 /K is equal to 1. But by (8), we have
Hence we must have ψ E (a) ≡ 1 mod f 1 . But a = ψ E (a)O K , and so ψ E (a) = ζα where ζ is a root of unity in K. As α ≡ 1 mod f 1 , it follows that ψ E ((α)) = α for all α in O K with α ≡ 1 mod f 1 . This in turn implies that the conductor f of ψ E must divide f 1 , which is a contradiction. Hence we must have
which proves (61). This completes the proof.
The Weierstrass differential equation associated to E is
In general, we write ℘ (n) (z, L) for the n-th derivative of ℘(z, L) with respect to z. For all integers n ≥ 0, one has
where B n (X) is a polynomial of degree n in Z[X].
Corollary 4.2.
Assume that D is divisible by an odd prime. Then, for all integers n ≥ 0,
Proof. Writing Tr K(E f )/H f 1 for the trace map from K(E f ) to H f 1 , it is clear from (61) and (66) that
The assertion (67) follows immediately, completing the proof.
We next introduce the formal expressions
Noting that the differential equation (65) can be written as
one immediately obtains
The following lemma is then clear by induction on n.
4.3 Lemma 4.3. For all integers n ≥ 0, we have
where A n (X) is a polynomial of degree 2n + 3 in Z[X].
, it follows that
ro1 Lemma 4.4. Assume that D is divisible by an odd prime. Then K(ρ) = H f 1 , where H f 1 is the ray class field of K mod f 1 . In particular, (70), it then follows that ρ must also belong to
, we see from (72) that γ does not belong to H f 1 , whereas its square plainly does. Hence, writing σ for the non-trivial element of Gal(F/H f 1 ), it follows that σ(γ) = −γ. We know from (61) that we also have
It then follows from (70) with z = Ω ∞ /f 1 that σ must fix ρ, completing the proof.
We continue to assume that D is divisible by an odd prime. Then, after differentiating (72), and using (67) and the lemma just proven, we conclude that, for all integers n ≥ 0,
We use the right hand side of this formula to compute the left hand side in our numerical calculations. The great advantage from a numerical point of view is that the equation (74) allows us to avoid knowing the minimal polynomials of both ℘(Ω ∞ /f, L) and ℘ ′ (Ω ∞ /f, L) over K, and only requires knowledge of the minimal polynomial of ρ as well as the coefficients of A n (X). Indeed, as we shall explain in the next paragraph, we have been able to calculate the minimal polynomial of ρ over K for each of the 6 curves discussed in the Introduction.
Let H(X) be the minimal polynomial of ρ over K. By Lemma 4.4, H(X) has degree φ(f)/8. We succeeded in computing H(X) when We now discuss briefly the computation of the relevant L-values. Let Ω and, by a classical formula,
Combining this with (74) for n = (p − 3)/2, we obtain 78 78 (77) c Of course, c + p (E) is obviously positive, and we choose the sign in (77) accordingly. This formula (77) is the key one for the computations. Indeed, the expression on the right of (77) can readily be calculated when we know explicitly the minimal polynomial of ρ over K. Tables I and II give the values of c + p (E).p −g E/Q mod p in the two ranges p < 1000 and 29000 < p < 30000, with p congruent to 1 mod 4, for our six curves. We have placed a * in the Tables in the relevant column whenever p divides D. mod p given in Tables  1 and 2 of [1] should be corrected by multiplying each entry with the factor 4. This is because the formulae (24) and (53) of [1] are incorrect, and only become valid if the factor w occurring in each formulae is omitted (and w = 4 when K = Q(i)). Of course, the correct values are given in Tables 1 and 2 below. 
